Abstract. In this article, we have presented a novel high order difference method for solving nonlinear elliptic equations with constant coefficients in two dimensions Cartesian coordinate system subject to Dirichlet boundary conditions. The present fourth order method based on the exponential techniques. The method reduces to central difference method when exponential function present in method linearized. We present numerical experiments to demonstrate the efficiency of the method and validity of our fourth order method.
Introduction and preliminaries
In this article, we propose a finite difference method for solving nonlinear elliptic problems,
∂y 2 = f (x, y, u, u x , u y ), a ≤ x, y ≤ b
in square region Ω = {(x, y) : a ≤ x ≤ b, a ≤ y ≤ b} with the boundary conditions u(x, y) = g(x, y), on ∂Ω
where ∂Ω is boundary of Ω.
There have been different approaches to solve these problems depends on the geometry of the domain. For irregular domain mostly preferred method is finite element whereas for regular domain it is finite difference method due to easy in implementation and d computational efficiency. The frequently used difference methods are central difference method and upwind difference method. These methods are known as standard finite difference method in the literature. There also exist several studies in the literature in which the standard finite difference method applied to solve elliptic PDEs in irregular domain [1, 2] . But solving elliptic partial differential equations by the fourth order method difference method are attractive and have drawn the attention of the researchers to numerically solving elliptic problems either with variable or constant coefficients [3, 4] and references there in. To obtain more accurate numerical results several authors proposed improved finite difference method. Recently a compact 9-point fourth order off step finite difference concretization, for solving the system of nonlinear, variable coefficients PDEs and compact 9-point exponential difference method reported in [5, 6] .
In this article, we generalize a 9-point exponential difference method for numerical solution of two dimensional general elliptic problems (1) . The derivation of the method depends on difference approximation of the derivative on discrete mesh points in region of interest. We compare the performance of the method in reference with the other traditional methods in solving problems.
The present work is organized as follows .In section 2: we present novel exponential finite difference approximation for the general elliptic PDEs problem. A novel finite difference method is presented so that the resulting difference equation need satisfies the boundary conditions exactly. A derivation of the present method discussed in section 3. A local truncation error and convergence of the method discussed in section 4 and 5. Finally, the application of the developed method presented together with illustrative numerical results has been produced to show the efficiency of the method in section 6. A discussion and conclusion on the performance of the method are presented in section 7.
The Exponential Finite Difference Method
Consider the square domain Ω = [a, b] × [a, b] for the solution of problem (1) . Let h = (b − a) ÷ N be the uniform mesh size in the x and y directions of the Cartesian coordinate system parallel to coordinate axes. Generate mesh points (x i , y j ),x i = a ± ih, i = 0, 1, 2, · · · · N and y j = a ± jh, , i = 0, 1, 2, · · · · N . Let denote the central mesh point (x i , y j ) by (i, j). Consider other mesh points (i ± 1, j), (i, j ± 1)and(i ± 1, j ± 1) neighbouring to the central mesh point (i, j).These nine points together constitute a compact cell. Let us denote the exact and approximate values of the solution of the problem (1) at mesh point (i, j) by U ij and u ij respectively. A nine point fourth order compact exponential difference method for the problem (1)is defined as follows ,
where a m , m = 1, 2, ...., 7, 8 are free parameter to be determined. Finally define,
f ij = 0, ∀i, j = 1, 2, ......, N .
Derivation of the Method
The existence and uniqueness of the solution of the problem (1) is assumed. We have not considered any specific assumption on the source function f to ensure existence and uniqueness of the solution. If we have a problem (1) in which source function is f (x, y) instead of f (x, y, u, u x , u y ). The nine point fourth order compact difference method discussed and developed as [5] ,
To develop a fourth order difference method for problem (1) when f (x, y, u, u x , u y ) is source function ,we need following approximations. Using Taylor series expansion about point (x i±1 , y j ),from (4)and (9)we have,
Define G i±1,m = ( ∂f ∂ux ) i±1,j ,H i±1,m = ( ∂f ∂uy ) i±1,j and from(17-18),we find
Thus from (19), we have
Expand (3, 10) in Taylor series about (x i , y j ) and substitute in (11)together with (20), we have
The approximation (21) will provide a fourth order approximation for U i,j if we have
Solving above system of equations in a 1 and a 2 , we have a 1 = 1 12
and
12 .Thus
Similarly we have,
From (22-23),we find that U xi,j and U yi,j respectively provides O(h 4 ) approximation for U xi,j and U yi,j i.e.
Thus from (24-25),we have
Let us define
Using above defined approximations, we can prove that
Thus
From definition (27),finally we propose 9-point compact fourth order exponential difference method for numerically solving problem (1) as,
If we write system of equations given by (31) at each mesh point, we will obtain either linear or nonlinear system of equations depends on source function f . To obtain a satisfactory solution of this system of equations with reasonable degree of accuracy, selection of the methods for solving this system of equations are very important.
Local Truncation Error
By Taylor series expansion of f on mesh point (x i , y j ) and from (26) and (30), we have
By expansion of exponential function up to three terms
where f i,j = U xxi,j + U yyi,j , ......etc. Let T i,j be truncation error at mesh point (x i , y j ). By Taylor series expansion of U at mesh point (x i , y j ), from (31) and (32) we have
where U mni,j = (
Convergence of the method
We next discuss the convergence of the method and under suitable conditions prove that the order of the convergence is O(h 4 ) . For each i, j = 2(1)N , let us define But U is exact solution of (31),which in matrix form can be written as
where T is truncation error matrix and each element is of O(h 6 ). Let us define
After linearization of f i±1,j , we have,
where
Similarly we linearized and write for f i,j±1 and f i,j and f ij as,
(37)
By Taylor series expansions of G i±1,j , G i,j±1 ,H i±1,j ,H i,j±1 ,I i±1,j and I i,j±1 at mesh point (x i , y j ) and from (36)-(39), we get the matrix equation
where P= (P i,j ) (N −1) 2 ×(N −1) 2 is the tri block diagonal matrix defined as,
.
Let there are no roundoff errors in solution of difference equation (31), so from (34), (35) and (40) we get the error equation as
Define a sets
Let us assume that
It is easy to verify for sufficiently small h that
Let R k denote the sum of the elements in the k th row of the matrix D+P=J. So for k = 1 and k = N − 1, we have
For r = 2(1)N − 2
For q = 2(1)N − 2 and r = 2(1)N − 2
It is easy to see that J is irreducible [7] . By the row sum criterion , for sufficiently small h, it follows that J is monotone [8] . Thus (J) −1 exist. For bounds of (J) −1 , let define [9, 10] ,
and R * (J) = min
Let us assume that R i (J) ≥ 0 then
Thus from (41) and (49), we have
With the help of (33) and (49), for sufficiently small h, we have
Thus the proposed difference method (31) converges and the order of the convergence is four.
Numerical Experiments
The Problem 2. Consider the problem which,when solving consists of
with the boundary conditions u(x, y) on all sides of unit square. f (x, y) is given such that the exact solution is u(x, y) = sin(πx) sin(πy). In table 3, we have presented the computed MAU for different values of N.
Problem 3. Consider the problem of the nonlinear convection equation [6] which,when solving consists of
with the boundary conditions u(x, y) on all sides of unit square. f (x, y) is given such that the exact solution is u(x, y) = exp(x) sin ((πy)/2). In tables 4 and 5, we have presented the computed MAU for different values of N and ε. In table, it shows results from [6] , for shake of comparison. Problem 4. Consider the problem of the nonlinear Navier-Stokes in steady state [6] which,when solving consists of
with the boundary conditions u(x, y) and v(x, y) are on all sides of unit square. f (x, y) and g(x, y) are given such that the exact solution are u(x, y) = sin(πx) sin(πy) and v(x, y) = cos(πx) cos(πy). In Table 4 : Maximum absolute errors in u(x, y) = exp(x) sin((πy)/2) for problem 3.
(31) [6] (31) [6] (31) [6] 
Conclusion
In this article we have applied exponential difference method for numerical solution of general nonlinear elliptic equations. The method is fourth order accurate and Dirichlet boundary conditions incorporated into the method. To bring out different aspect of the method, we employed it to compute the numerical solution of steady state Navier Stokes equation and convection equation with their constructed exact solutions. For shake of comparison, we have done with methods in [5, 6] and find that present method compare favorably. In one considered model problem we find that the computational performance of the method and accuracy depends on the constructed exact solution. The results obtained in model problems are in good agreement to the estimated order of the method. It is observed from the results that method has higher accuracy i.e. small discretization error. The numerical experiments show that this proposed exponential method has a good numerical stability in considered examples. Though method developed and used on rectangular domains, it has good potential for efficient application to many problems on different geometries, work in this specific direction is in progress.
